Algebraic fiber space 
whose generic fiber and base space are 
of almost general type 

*tShigetaka FUKUDA 

Abstract 

We assume that the existence and termination conjecture for flips 
holds. A complex projective manifold is said to be of almost general 
type if the intersection number of the canonical divisor with every very 
general curve is strictly positive. Let / be an algebraic fiber space from 
X to Y. Then the manifold X is of almost general type if every very 
general fiber F and the base space Y of / are of almost general type. 

1 Introduction 

In this paper, every algebraic variety is denned over the field C of complex 
numbers. The two main conjectures of the classification theory of algebraic 
varieties are the minimal model conjecture and the abundance conjecture. 
The first consists of the existence and the termination of flips. This conjecture 
appeared to be very natural, owing to the recent progress by Shokurov [S] 
and Hacon-McKernan [5] . Furthermore the existence is now a theorem due to 
Birkar, Cascini, Hacon and McKernan [2]. The second is the conjecture that 
every nef canonical divisor should be semi-ample. But this is never trivial 
even for surfaces, as was seen in known proofs for them. Recently Ambro 
(PQ) reduced this abundance conjecture to the log minimal model conjecture 
and to the conjecture that every quasi-nup log canonical divisor should be 
semi-ample. Here we explain concepts related to "quasi-nup" . 
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Definition 1.1. A Q-Cartier divisor Dona projective variety X is almost 
numerically positive (almost nup, for short), if there exists a union F of at 
most countably many prime divisors on X such that (D, C) > for every 
curve C ^ F (i.e. if (D, C) > for every very general curve C). We say that 
D is quasi-numerically positive (quasi-nup, for short) if D is nef and almost 
nup. 

Definition 1.2. An algebraic variety X is of almost general type, if there 
exists a projective variety M with only terminal singularities such that the 
canonical divisor Km is almost nup and that M is birationally equivalent to 
X. 

Proposition 1.3 (Fukuda |4J). Under the minimal model conjecture, a pro- 
jective variety with only terminal singularities is of almost general type if and 
only if the canonical divisor is almost nup. 

Proposition 1.4 (Fukuda [4J). Under the minimal model conjecture and the 
abundance conjecture, a projective variety is of almost general type if and 
only if it is of general type. 

As was seen above, it is meaningful to research the class of varieties of 
almost general type, depending not on the abundance conjecture but on the 
minimal model conjecture (cf. [3] and [1]). Now we state the following 

Theorem 1.5 (Main Theorem). Let f : X — > Y be an algebraic fiber space 
such that every very general fiber is of almost general type and that the base 
space Y is of almost general type. We assume that the minimal model con- 
jecture, which consists of the existence and the termination of flips, holds in 
dimension < dimX. Then X is of almost general type. 

Remark 1.6. By Proposition II .41 if the abundance conjecture holds, then the 
theorem above is included in Viehweg ([9], Theorem 3), but the proof given 
in this paper is geometric. 

2 Preliminaries 

First we prepare basic notions and results concerning fibrations. 

Definition 2.1. A surjective morphism / : X — > Y between projective 
varieties is an algebraic fiber space if the extension Rat Xj Rat Y of a field 
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is algebraically closed. For a surjective morphism / : X — > Y between 
projective varieties, we have the naturally defined algebraic fiber space [/] 
from the normalization of X to the normalization of Y in Rat X, by the Stein 
factorization. 

Definition 2.2. For an algebraic variety X, a subset U is said to be an 
almost open dense subset of X if U = X \ V\ for some countably many 
Zariski-closed subsets Vi ^ X. The points that belong to some fixed almost 
open dense subset are said to be very general. 

Lemma 2.3. If f : X — ► Y is a surjective morphism between complete 
algebraic varieties and if S is an almost open dense subset of X, then f(S) 
contains some almost open dense subset ofY. 

Proof. First we treat the case where / is an algebraic fiber space. For some 
open dense subset U' of Y, every fiber of /|/-imv) is irreducible. Take count- 
ably many open dense subsets Sj of X such that S = Hi^i F rom the 
theory of constructible sets, f(Si) contains some open dense subset of Y. 
Thus the set U" := Hi^i fi^i) ^ U' contains some almost open dense subset 
of Y. For every point y G U", the intersection fl S = H Hi^i ^ 

is nonempty because f~ l (y) is irreducible. Thus f(S) contains U" and there- 
fore some almost open dense subset of Y . 

Next we treat the case where / is generically finite. Then the image of 
every proper Zariski-closed subset of X by / is a proper Zariski-closed subset 
of Y. Thus the assertion follows in this case. 

Lastly we treat the general case. By considering the algebraic fiber space 
[/] as in Definition 12.14 the preceding two cases imply the assertion. □ 

Lemma 2.4. Let f : X — > Y be an algebraic fiber space and let {V t } be an 
algebraic family of subvarieties of X. Then f(V g ) is a point for every general 
member V g or f(V g ) is not a point for every general member V g . 

Proof. By considering the intersection number L m_1 ■ f*H\y g for some fixed 
ample divisors L on X and H on Y where m = dimV^, we obtain the 
assertion. □ 

The property "of almost general type" should be stable under covering 
(Lemma I2.5j) and deformation (Proposition 12.61) and be geometric (Proposi- 
tion EBD- 
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Lemma 2.5. Let f : X —> Y be a generically finite surgective morphism 
between algebraic varieties. If Y is of almost general type, then also X is of 
almost general type. 

Proof. By changing X and Y by adequate birational models, we may assume 
that X and Y are nonsingular projective and that Ky is almost nup. Thus 
the ramification formula implies the assertion. □ 

Proposition 2.6 (Fukuda |4j). Assume that the minimal model conjecture 
holds in dimension n. Let f : X — > Y be an algebraic fiber space with relative 
dimension n. Then one of the following holds: 

(i) Every general fiber F of f is not of almost general type. 

(ii) Every very general fiber F of f is of almost general type. 

Definition 2.7. For an ambient space X, a subset L is covered (resp. swept 
out) by subsets Di (i e I) if L C [J i€l D { (resp. L = \J { jDj). 

Proposition 2.8 (Fukuda [4J). Assume that the minimal model conjecture 
holds in dimension < n. Let X be a projective variety with only terminal 
singularities of dimension n . Then the three conditions below are equivalent 
to each other: 

(1) X is of almost general type. 

(2) The locus \J{D\ D is a closed subvariety X) not of almost general 
type} is covered by at most countably many prime divisors on X and the vari- 
ety X is not birationally equivalent to any minimal variety with numerically 
trivial canonical divisor and is not a rational curve. 

(3) X is not uniruled and can not be covered by any family of varieties 
being birationally equivalent to minimal varieties with numerically trivial 
canonical divisors. 

The following two lemmas are some kind of relativization for Proposition 

EH 

Lemma 2.9. Let f : X —>■ Y be an algebraic fiber space with relative dimen- 
sion n such that every very general fiber is of almost general type. Assume 
that the minimal model conjecture holds in dimension < n. Then any alge- 
braic family of subvarieties that contract to points by f and that are not of 
almost general type can not cover X . 
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Proof. Assume that such a family { Vt} covers X. Then dim V g < [the relative 
dimension of /] = n for every general member V a , because f(V 9 ) is a point 
from Lemma 12.41 and the set {f{V 9 )} covers some open dense subset of Y. 
Thus Proposition 12.61 implies that V g is not of almost general type. Therefore 
some open dense subset of every general fiber F of / is covered by some 
members Vh (c F) not of almost general type. Hence the fiber F becomes 
not of almost general type from Proposition 12.81 This is a contradiction! □ 

Lemma 2.10. Assume that the minimal model conjecture holds in dimension 
< n. Let f : X —>■ Y be an algebraic fiber space with relative dimension n. 
Suppose that any algebraic family of subvarieties that contract to points by 
f and that are not of almost general type can not cover X . Then the union 
of proper subvarieties that contract to points by f and are not of almost 
general type is contained in some union of at most countably many proper 
Zariski- closed subsets of X . 

Proof. We follow the arguments in [I] and, assuming that the locus [J{S; S 
is a closed subvariety X) not of almost general type and f(S) is a point} 
cannot be covered by at most countably many prime divisors on X, derive a 
contradiction. 

Let 7i C X x Hilb(X) be the universal family parametrized by the Hilbert 
scheme Hilb(X). By the countability of the components of Hilb(X), we 
have an irreducible component V of TC with surjective projection morphisms 
H : V — > X and v : V —>■ T(c Hilb(X)) from V to projective varieties 
X and T respectively, such that ii{v~ l (t)) S X for every t G T and that 
the locus U{S; S is a closed subvariety X) not of almost general type, 
f(S) is a point and S = /i(z/ _1 (t)) for some t E T} cannot be covered 
by at most countably many prime divisors on X. Let p : V norm — >• V be 
the normalization. We consider the Stein factorization of vp into the finite 
morphism V\ : W — > T from a projective normal variety W and the morphism 
\y\ '■ V norm W with an algebraically closed extension Rat Vj Rat W. Put 
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V* := [the image of the morphism (/ip, \y\) : V norm — > X x W). 

u > cmbcdding ; XxW ► W 



V embcdding ) IxT 



T 



(2.1) 



Note that every fiber of the morphism v : V — > T consists of a finite num- 
ber of fibers of the projection morphism from V* to W. Thus we may 
replace (V,T) by (V*,W) and assume that the extension Rat VJ Rat T is 
algebraically closed. 

According to Lemma EH and Proposition [221 we divide the situation into 
two cases. 

First consider the case where /(/i(z/~ 1 (t))) is a point (, thus dim/i(z/ _1 (t)) < 
[the relative dimension of /] = n) and is of almost general type for 

very general t G T or where /(/z(z/ _1 (t))) is not a point for general t G T. 
Then there exists a subvariety T ^ T such that the locus {J{S; S is a 
closed subvariety X) not of almost general type, f(S) is a point and 
S = / u(z/ _1 (t)) for some t G T } cannot be covered by at most countably 
many prime divisors on X. Thus we can replace (V,T) by (Vi,T\), where V\ 
and Ti are projective varieties such that V\ is some suitable irreducible com- 
ponent of z/~ 1 (T ) and T% = z^(Vi). Because dimVi < diml^, by repeating 
this process of replacement, we can reduce the assertion to the next case. 

Now consider the case where /(/z(z/ -1 (t))) is a point and is not 

of almost general type for general t G T. This family {yu(z/ _1 (t))} covers X. 
So we obtain a contradiction! □ 



3 Proof of Main Theorem 

Firstly we show that X is not birationally equivalent to any minimal pro- 
jective variety M with numerically trivial canonical divisor Km- Assum- 
ing that X is birationally equivalent to such a variety M, we shall derive 
a contradiction. We may suppose that M is Q-factorial, by executing Q- 
factorialization. Take a common resolution X' of X and M with projective 
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morphisms g : X' — > X and fi : X' M such that Exc(/z) is a divisor with 
only simple normal crossings. Let E be a /^-exceptional prime divisor on X' 
such that f(g(E)) = Y. From Kawamata [6], the divisor E is swept out by 
a family {C\} of /^-exceptional rational curves. The curves C on X' which 
are /(/-exceptional are characterized by the property that ((fg)*H,C) = 0, 
for some fixed ample divisor H on Y. Hence every general member C g of 
this family is a /(/-exceptional rational curve, because Y is not uniruled by 
Miyaoka-Mori [7] from the assumption that Y is of almost general type. Thus 
the covering family {C\} for E is a family of curves which are /i-exceptional 
and /(/-exceptional. We consider a general fiber F of fg. Then E R F 
consists of a finite number of irreducible fibers of the algebraic fiber space 
[/S'I-b]- Some nonempty open subset of every general (thus irreducible) fiber 
of [/(/|_b] is covered by general members C g . Therefore some open dense sub- 
set U of E H F is covered by sets Ch H F 0), where C/, are some curves 
on F which are /i-exceptional and /(/-exceptional. Here Ch is contained in 
F, because it is /(/-exceptional, and therefore U is covered by these curves 
Ch (c E (1 F). Hence the divisor E\ F is /x| ^-exceptional. Consequently the 
canonical divisor Kp on F is numerically equivalent to a \i\ ^-exceptional di- 
visor. So KpA dimF ~ 1 = for the pull-back A of some ample divisor on n(F). 
Thus Kp is not almost nup and therefore F is not of almost general type by 
Proposition II .31 This is a contradiction! 

Secondly we prove that every very general member of any non-trivial 
algebraic family that covers X is of almost general type. By Proposition 
12.61 it suffices to derive a contradiction, assuming that every general member 
of some non-trivial algebraic family {St}teT that covers X is not of almost 
general type. 

Claim 3.1. For some member D of {S t }t^T, we have that f(D) = E and 
1 < dimE < dim/} < dimX, where D is not of almost general type and E 
is of almost general type and where every very general fiber of the algebraic 
fiber space [/|d] is of almost general type or the morphism f\r> is generically 
finite. 

Proof. We note that S t ^ X for general t, because {S t } is a non-trivial 
algebraic family. 

From Lemmas 12.41 and |2.9[ the image f(D) is not a point for every general 
member D of {St}- 

For every almost open dense subset U of Y, the set {t G T; / _1 (f/) n S t ^ 
0} contains some almost open dense subset of T, from Lemma 12.31 So the 
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variety f(D) becomes very general subvariety of Y for every very general 
member D of {St} and therefore it is of almost general type from Proposition 

Any algebraic family of subvarieties that contract to points by / (cf. 
Lemma \2 .41) and that are not of almost general type (cf. Proposition 12.61) can 
not cover X, from Lemma 12.91 Thus the union of proper subvarieties that 
contract to points by / and are not of almost general type is contained in 
some union of at most countably many proper Zariski-closed subsets of X, 
from Lemma 12.101 Consequently every very general fiber of [/ 1 d] is of almost 
general type or the morphism f\u is generically finite. 

The proof for Claim 13.11 ends. □ 

By induction on dimX, Claim [3TT1 and Lemma [2.51 imply a contradiction! 

By Proposition ll.3[ every minimal variety of dimension < dim X with 
numerically trivial canonical divisor is not of almost general type. Thus, 
from the first and second paragraph of this section, X is not covered by any 
algebraic family of varieties being birationally equivalent to minimal varieties 
with numerically trivial canonical divisors. Because the rational curve is not 
of almost general type, X is also not uniruled from the second paragraph of 
this section. Consequently Proposition 12.81 implies the assertion. □ 
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